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Deep-inelastic-scattering (DIS) experiments have traditionally been used to probe the parton distribution functions (PDFs) of the proton. A very broad range of resolving power, as characterised by $\documentclass[12pt]{minimal}
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                \begin{document}$$Q^2$$\end{document}$ (the negative four-momentum transfer squared) and by Bjorken *x* (which is interpreted as the fraction of the proton's momentum taken by the struck parton), was accessed at HERA. Perturbative quantum chromo-dynamics (pQCD) is expected to describe these data, such that PDFs can be extracted for $\documentclass[12pt]{minimal}
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                \begin{document}$$3\,\hbox {GeV}^2$$\end{document}$.

The final combined inclusive cross-section data from the HERA experiments H1 and ZEUS \[[@CR1]\] were input to QCD analyses using fixed-order pQCD at LO, NLO and NNLO to provide the HERAPDF2.0 set of parton distributions. However, some tension was observed at low $\documentclass[12pt]{minimal}
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                \begin{document}$$Q^2_{\mathrm{min}}\simeq 10\,\hbox {GeV}^2$$\end{document}$ (see Fig. 19 of Ref. \[[@CR1]\]). This turns out to be true for all perturbative orders and is not mitigated by going to higher order. In particular, the $\documentclass[12pt]{minimal}
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A further observation is that the increased $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ of the fits to the low-$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^2$$\end{document}$ data is largely attributable to the kinematic region of low *x* and high *y* (where *y* = $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{s}$$\end{document}$ is the centre-of-mass energy) in the neutral-current reduced cross-section data $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{\mathrm{red}}$$\end{document}$, defined as[1](#Fn1){ref-type="fn"}:$$\documentclass[12pt]{minimal}
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                \begin{document}$$F_L$$\end{document}$ are the structure functions, which are related to the parton distributions \[[@CR2]\], and $\documentclass[12pt]{minimal}
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                \begin{document}$$Q^2$$\end{document}$ and low *x*) the data take a turn-over (see Fig. 7 and e.g. Fig. 59 of Ref. \[[@CR1]\]). This effect can be ascribed to the negative term proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$F_L$$\end{document}$ in Eq. ([1](#Equ1){ref-type=""}). However, fits to data using fixed-order pQCD do not describe this turn-over very well, suggesting that a larger $\documentclass[12pt]{minimal}
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                \begin{document}$$F_L$$\end{document}$ is needed for a better description. This in turn suggests that the gluon evolution may need modification since $\documentclass[12pt]{minimal}
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                \begin{document}$$F_L$$\end{document}$ is closely related to it \[[@CR3]\].

It has been noted that the addition of a higher-twist term to the $\documentclass[12pt]{minimal}
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                \begin{document}$$F_L$$\end{document}$ structure function improves the quality of the fits \[[@CR4]--[@CR7]\]. Such a higher-twist term improves the $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ becomes better than the NLO one. Moreover, it also improves the description both of the low-*x*, high-*y* reduced cross sections and the $\documentclass[12pt]{minimal}
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                \begin{document}$$F_L$$\end{document}$ data from HERA \[[@CR8]\] (see Figs. 4, 5, and 11 of Ref. \[[@CR4]\]).

Recently, an alternative approach which can improve the description of low-$\documentclass[12pt]{minimal}
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                \begin{document}$$Q^2$$\end{document}$ data has been proposed. Since the kinematics of HERA is such that low-$\documentclass[12pt]{minimal}
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                \begin{document}$$Q^2$$\end{document}$ data is also at low *x*, it has been suggested that the DGLAP resummation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\ln (1/x)$$\end{document}$ (BFKL) resummation \[[@CR9]\]. This idea is not new: the necessary calculations have been explored in Refs. \[[@CR10]--[@CR27]\]. They also inspired various phenomenological fits, e.g. Ref. \[[@CR28]\]. However, a complete implementation, such that these terms can readily be used for fitting PDFs, is new. This was possible thanks to new theoretical developments and the publication of the HELL code which implements $\documentclass[12pt]{minimal}
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Input data sets {#Sec2}
===============
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                \begin{document}$$Q^2 \ge 3.5\,\hbox {GeV}^2$$\end{document}$ is imposed on inclusive HERA data. This gives 1145 data points included in the fit.

In addition, HERA combined charm \[[@CR34]\] and beauty data \[[@CR35], [@CR36]\] from ZEUS and H1 are also available. Reduced cross sections for charm production cover the kinematic range $\documentclass[12pt]{minimal}
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Fit strategy {#Sec3}
============

The present QCD analysis uses the xFitter program \[[@CR31]--[@CR33]\] and is based on the HERAPDF2.0 setup. However, in order to facilitate the inclusion of small-*x* resummation, some differences have been introduced with respect to the HERAPDF2.0 theory settings. In this section, we first present our setup, and then highlight the features that differ from those of HERAPDF2.0.

In the present analysis, we use the APFEL code \[[@CR37]\] to compute the structure functions and the solution of the DGLAP evolution equations. The APFEL code implements the FONLL variable-flavour-number scheme \[[@CR38]\] for the treatment of heavy quarks. The heavy-quark pole masses were initially chosen to be $\documentclass[12pt]{minimal}
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The setting presented so far differs from the one of the HERAPDF2.0 analysis in some respects that we now highlight.For the HERAPDF2.0 analysis the DGLAP evolution and the light-quark coefficient functions are taken from the QCDNUM code \[[@CR40]\] up to NNLO. There is no difference between the results of QCDNUM and APFEL for the treatment of light quarks. However, APFEL implements the FONLL variable-flavour-number scheme \[[@CR38]\], not the TR "optimal" variable-flavour-number scheme of Refs. \[[@CR41], [@CR42]\], which is the default in HERAPDF analyses. The choice of the variable-flavour-number scheme represents the first main difference of the present analysis with respect to HERAPDF2.0.A second difference is the scale at which PDFs are parameterised. In this analysis we have chosen $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _c = 1.12 m_c\simeq 1.6$$\end{document}$ GeV, as explained above. This represents the third main difference with respect to the HERAPDF2.0 analysis. Note that, once this new setting is adopted, the optimal values of the charm and beauty masses may change and need to be reassessed (see Sect. [4](#Sec4){ref-type="sec"}), thus representing an extra (minor) difference with respect to HERAPDF2.0.The impact of these differences will be investigated in Sect. [4](#Sec4){ref-type="sec"} before including resummation effects.Table 1The $\documentclass[12pt]{minimal}
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Fig. 1The up valence PDF $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xu_v$$\end{document}$, the gluon PDF *xg* and the total singlet PDF $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\varSigma $$\end{document}$ for each of the 5 steps outlined in the text

It is also useful to compare the present settings with those used in the NNPDF3.1sx analysis \[[@CR9]\]. Indeed, the same tools have been used to compute structure functions and PDF evolution, namely APFEL and HELL. The differences, however, are significant. First, the fit methodology is very different, as NNPDF uses a Monte Carlo approach with neural network parametrisation of PDFs. Second, the data considered in NNPDF3.1sx include several additional DIS data sets from other experiments. In addition, that analysis also includes Tevatron and LHC data. Most importantly from the theory point of view, there is a difference in the way charm is treated. In particular, in the NNPDF analysis the charm PDFs are fitted to data. In this analysis, a more conventional approach is used in which the charm PDFs are generated perturbatively. This approach in the framework of the FONLL scheme allows for the inclusion of a damping factor that suppresses subleading higher-order corrections that might be significant at scales comparable to the charm mass \[[@CR38]\]. We include this damping factor in our computation as it turns out to improve dramatically the description of the data at NNLO. We will further comment on the effect of this damping factor in Sect. [4.3](#Sec7){ref-type="sec"}.

Results {#Sec4}
=======
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                \begin{document}$$\ln (1/x)$$\end{document}$ resummation on splitting functions and DIS coefficient functions is more dramatic at NNLO than at NLO \[[@CR30]\]. In fact, the full calculation with NNLO+NLL*x* resummation is closer to the NLO result than it is to the NNLO result. This is not accidental and is mostly due to the perturbative instability of the NNLO correction to the splitting functions generated by small-*x* logarithms \[[@CR9]\]. Thus, to better assess the impact of the $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=10^{-4}$$\end{document}$ as a function of the factorisation scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\kappa _c=1.12,1.5,2,2.5$$\end{document}$. The plots show the effect of the matching at NNLO (upper plot) and at NNLO+NLL*x* (lower plot)

*Transition to the new fit settings* {#Sec5}
------------------------------------

Since the setup described in Sect. [3](#Sec3){ref-type="sec"} differs in various respects from that of the HERAPDF2.0 analysis, we first investigate the effect of these changes in the determination of PDFs. A step-by-step approach is followed. The changes in the fit quality are summarised in Table [1](#Tab1){ref-type="table"}, while the effect on the $\documentclass[12pt]{minimal}
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The starting point is the HERAPDF2.0 analysis, that has a $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ increases significantly to 1387. This was expected because FONLL-C is known to lead to a worse description of the data than the TR scheme at this order, as discussed in Ref. \[[@CR1]\] (see Fig. 20 of that reference). The origin of this deterioration is related to the details of the construction of the observables within each scheme, which differs in various respects, from the perturbative orders at which each individual contribution is retained to the presence of phenomenological smoothing functions. A full assessment of these differences and their importance for the description of HERA data is beyond the scope of this paper. Some considerations on the impact of the details of the heavy-flavour scheme in our fits with and without $\documentclass[12pt]{minimal}
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In the next step the charm-quark matching scale $\documentclass[12pt]{minimal}
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The above procedure clearly illustrates the improvement in $\documentclass[12pt]{minimal}
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Firstly, given that we now have a completely different shape of the gluon PDF, it is necessary to investigate if the parametrisation used for HERAPDF2.0 is adequate. A parametrisation scan was performed in the FONLL-C scheme with $\documentclass[12pt]{minimal}
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Secondly, the charm and beauty mass values used may not be optimal for the new settings. Thus charm \[[@CR34]\] and beauty data \[[@CR35], [@CR36]\] from HERA are included in the fit to perform a charm-mass scan and a beauty-mass scan. Various fits have been performed by changing the charm and beauty pole masses $\documentclass[12pt]{minimal}
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Since the charm data are in a kinematic region in which $\documentclass[12pt]{minimal}
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*Final results with full uncertainties and comparison with data* {#Sec6}
----------------------------------------------------------------

The final fits that we are going to present use HERA inclusive, charm and beauty data with the new values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\ln (1/x)$$\end{document}$ resummation as implemented in HELL. An exploration of various sources of the uncertainties has been performed, following the HERAPDF2.0 prescription. In addition to the experimental uncertainty, which is evaluated using either the Hessian (our default) or the Monte Carlo method, a number of model uncertainties are considered. Specifically, we have varied the charm mass ($\documentclass[12pt]{minimal}
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                \begin{document}$$\ln (1/x)$$\end{document}$ resummation due to the reduced tensions with the data, see the discussion below.Fig. 4The difference between the gluon distribution determined in the fits at NNLO with and without NLLx resummation taking into account the correlations between their uncertainties. The orange (red) band indicates the full (experimental) uncertainty on the difference Fig. 5The ratio of the total singlet to the gluon PDF as a function of *x* shown for different scales $\documentclass[12pt]{minimal}
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When resummation is included, both the gluon and the total singlet PDFs rise at low *x*. This contrasts with the shape of the gluon when resummation is not included. This behaviour can be studied in more detail by examining the evolution of the ratio $\documentclass[12pt]{minimal}
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*Comparison with the NNPDF analysis* {#Sec7}
------------------------------------

We conclude this section by comparing our results with those of the NNPDF3.1 family \[[@CR9], [@CR47]\]. In Fig. [9](#Fig9){ref-type="fig"} we show the total singlet, gluon and charm PDFs with (lower plots) and without (upper plots) $\documentclass[12pt]{minimal}
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                \begin{document}$$\ln (1/x)$$\end{document}$ resummation. In particular, on top of our PDFs, we consider the global and the DIS-only PDF sets of Ref. \[[@CR9]\] (NNPDF3.1sx, henceforth). In contrast with this analysis, all NNPDF3.1sx sets have been obtained by fitting the charm PDFs to data. Therefore, in order to gauge the impact of the different treatments of the charm PDFs, in the comparisons at fixed order we also consider the NNPDF3.1 set at NNLO of Ref. \[[@CR47]\] obtained using perturbative charm.

At fixed order (upper plots of Fig. [9](#Fig9){ref-type="fig"}), the quark-singlet PDF (left plot) appears to be very similar for all four PDF sets considered. The gluon PDF (central plot), instead, presents larger discrepancies. In particular, the NNPDF3.1sx distributions (both global and DIS-only) are somewhat different from the gluon obtained in this analysis at small *x*. Given the consistency of the NNPDF3.1sx results, this appears to be the consequence of the different treatment of the charm PDFs rather than the different data sets. The gluon PDF of the NNPDF3.1 set with perturbative charm is closer to our result at low-*x* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \lesssim 0.001$$\end{document}$) than to the NNPDF3.1sx curves. We also observe that the suppression on the gluon PDF of the NNPDF3.1sx sets causes an enhancement of the charm distribution at small *x* as compared to both this analysis and NNPDF3.1 with perturbative charm (right plot).Fig. 9The total singlet, gluon and charm PDFs for the final fits at NNLO (upper plots) and $\documentclass[12pt]{minimal}
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                \begin{document}$$\ln (1/x)$$\end{document}$ resummation (lower plots of Fig. [9](#Fig9){ref-type="fig"}), we observe a better agreement between all PDF sets considered. Noticeably, the gluon distributions are now compatible despite the different treatment of the charm. As a consequence, also the charm PDFs at small *x* are in much better agreement. Note also that the uncertainty bands obtained in this analysis are comparable to those of the NNPDF sets, except for the charm PDF at large *x* whose band is larger for the NNPDF3.1sx sets due to the fact that the charm PDFs are fitted to data.

Another striking difference with respect to our analysis is that a significant reduction (by more than 50 units for 47 datapoints) of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ of charm production data when including $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ln (1/x)$$\end{document}$ resummation was found in Ref. \[[@CR9]\]. The origin of such a huge effect can be traced back to the poor quality of the description of charm data at fixed NNLO in the NNPDF3.1sx study. Indeed, the NNPDF3.1sx $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ of this dataset when resummation is included is very similar to that of the present study, differing by just 2 units. The reason of this difference in the quality of the description of charm data at fixed order is related to the treatment of the charm PDFs. However, the discrepancy cannot be ascribed to the fact that the charm PDFs are fitted in Ref. \[[@CR9]\]. In fact, fitting the charm PDFs should give more flexibility to better describe the data. Rather, it is the actual construction of the FONLL-C prediction which differs when the charm PDFs are fitted. Specifically, when fitting the charm PDFs, it has been pointed out that an extra contribution, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _\mathrm{IC}$$\end{document}$, should be added to the FONLL formula to account for potential intrinsic-charm-initiated contributions \[[@CR45], [@CR46]\].

The introduction of this extra term has the consequence that the phenomenological damping factor usually introduced in the FONLL scheme with perturbative charm to suppress subleading higher-order terms in the vicinity of the charm threshold \[[@CR38]\], becomes ineffective. Indeed, when the charm PDFs are fitted, and thus a non-perturbative (or intrinsic) component is allowed, the contributions multiplied by the damping are no longer subleading, and cannot therefore be suppressed. The bad description of the charm data at fixed order in Ref. \[[@CR9]\] is thus the consequence of three concurring effects: (1) the absence of damping, (2) the presence of the extra contribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$, second term in Eq. ([5](#Equ5){ref-type=""}). We have also performed the same exercise activating the damping, which effectively suppresses all contributions due to the fitted-charm PDFs in the vicinity of the charm threshold making the result closer to what one obtains in the perturbative charm case. By doing so we find that the description improves significantly, bringing it at the level of our results. Note that similar tests have been performed in the NNPDF3.1sx study (see the discussion in Sect. 4.1 of Ref. \[[@CR9]\]), finding compatible results.

The conclusion is that the treatment of charm in the vicinity of charm threshold deserves a very careful analysis, as it depends on many details, which is however beyond the scope of this paper. What is instead relevant for us and very important to notice is that when $\documentclass[12pt]{minimal}
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                \begin{document}$$\ln (1/x)$$\end{document}$ resummation is included the quality of the description of the data is largely independent of the possible differences in the construction of the charm cross section, as noticed also in Ref. \[[@CR9]\]: this is another achievement of high-energy resummation.
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===========================================================
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So far, we have maintained the restriction of the HERAPDF2.0 analysis, keeping data with $\documentclass[12pt]{minimal}
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The results presented so far suggest that the improvement of the description of the HERA data when including $\documentclass[12pt]{minimal}
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As mentioned above, a significant part of the improvement observed in the low-$\documentclass[12pt]{minimal}
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Discussion and summary {#Sec9}
======================
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                \begin{document}$$\ln (1/x)$$\end{document}$ resummation provides a substantial improvement in the description of the precise HERA1+2 combined data. It represents an alternative to the addition of higher-twist terms \[[@CR4]--[@CR7]\] and does not suffer from the pathological features of some of these analyses \[[@CR4]\]. In addition, it overcomes a major disadvantage of the fixed-order analyses, namely a decreasing gluon PDF at low *x* and $\documentclass[12pt]{minimal}
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At low $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^2$$\end{document}$ and low *x* the parity-violating term proportional to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xF_3$$\end{document}$ can be neglected.

The resummation procedure of the logarithmically enhanced terms of the massive coefficient functions implies the computation of the corrections due to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ln (1/x)$$\end{document}$ resummation on the PDF matching conditions. Details can be found in Ref. \[[@CR30]\]. These effects are also included in the results presented below.
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In the HERAPDF2.0 combination, the data at $\documentclass[12pt]{minimal}
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We recall that these data are *not* explicitly included in our fit, but information on $\documentclass[12pt]{minimal}
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Due to the limitation of HELL at low scales, we cannot push the $\documentclass[12pt]{minimal}
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For these scans the beauty data are not included in the fits, since they have no impact as discussed in Sect. [4](#Sec4){ref-type="sec"}.

The actual plane over which the constraint acts is the $\documentclass[12pt]{minimal}
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                \begin{document}$$Q^2$$\end{document}$ and *y*, the constraint on *x* has no effect on the shaded area.
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